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Equilibrium size of large ring molecules
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The equilibrium properties of isolated ring molecules were investigated using an off-lattice model with no
excluded volume but with dynamics that preserve the topological class. Using an efficient set of long range
moves, chains of more than 2000 monomers were studied. Despite the lack of any excluded volume interaction,
the size of the chain scaled like that of a self-avoiding walk, as had been previously conjectured. However, this
scaling was only seen for chains greater than 500 monof&t663-651X99)50503-5

PACS numbg(s): 36.20.Fz, 33.15.Bh, 36.20.Ey, 61.25.Hq

I. INTRODUCTION lattice model whose interactions are purely topological. The

The effects of tool th ilibri . fidea is to isolate topological effects to gain some understand-
€ efiects ot topology on he equilibrium Properties o ing as to how they affect statistical properties.

po!ymer systems is importgnt both exper'imentally and theo- "1, achieve this goal we explore topological effects nu-
retically to the understanding of polymeric materials. Manymerically using an efficient off-lattice algorithm which has
experimental systems, for example as polymer networks,, excluded volumeThe chain is a phantom chain, except
possess nontrivial topology. Furthermore, DNA is often innat it is not allowed to cross itself and therefore can explore
the form of a ring and possesses a well defined and nontrivigdnly one topological class. As mentioned above, this differs
topology. This fact has important biological implications from other work in this area where excluded volume was
[1,2]. Topological effects arise because a polymer chain canalso present. An efficient long-range algorithm is developed
not cross itself and is therefore confined to a fixed topologithat allows the exploration of rings up to 2048 links. In ad-
cal class that depends on its initial configuration. Howeverdition, the chain is more flexible than chains on a cubic lat-
the effects of topology are, in theory, very hard to under-tice, which as we will see is important in light of the results
stand. The simplest example is that of the ring polymerthat were obtained.
Even when it is in the state of a “trivial” knot, that is the =~ What was found is rather surprising. We did find that
same topological class as a circle, its statistical propertiehantom ring polymers confined to the “trivial knot” are
have not as yet been well understood. This is because thef#ollen with respect to phantom linear chains. But even with
are an infinite number of invariants that characterize a knothese very flexible chains, the effect of topology is rather
and so evaluating, or even writing down, the partition func-weak, and rings must be longer than 500 links before the
tion is a daunting task. Questions about this system, such &aling exponent appears to reach that of a self-avoiding
how the size of the chaiR scales with chain lengtN, have ~ walk (SAW).
not been answered with any certainty. The effects of topol-
ogy on the size of a simple ring have been conjectured to Il. MODEL
give the same scaling expondRt-N”, as excluded volume
[3] chains. It is not clear that should be identical to that of The model is illustrated in Fig. 1. A chain in three dimen-
the self-avoiding chain. Topological effects may induce ef-sions ofN links, all of equal length, is constructed so as to
fective power law interactions between monomers in theéhave the topology of a simple ring. All configurations are of
ring. In this Rapid Communication, we wish to analyze howequal energy; however, moves must not be allowed to alter
topology alters the fractal dimension of a polymer ring. the topological class. That is, the chain is not allowed to
To simulate polymers, lattice models have often been emeross itself.
ployed because in many circumstances they are more effi- To investigate the dynamics of small chains, moves were
cient and easier to implement than off-lattice models. How-chosen that were local, involving rotations of two adjacent
ever, a large class of lattice models with local dynamics hatinks. Moves of this type are illustrated in Fig. 1, where links
been proven to be strongly nonergodi]. Even if an er- initially adjacent toA are moved to locations shown by the
godic model is use@] some of the subtle effects of topol- dashed lines byB. The relaxation time with such moves is
ogy that we wish to examine here can be masked by this kindlightly greater thanN2, which is prohibitively long for
of model. To avoid segments crossing, which would violatechain lengths in the thousands. Therefore, a long-range algo-
topology, lattice models add in a hard-core repulsion. Thigithm was used instead.
makes analysis of the results difficult because this repulsive A long-range move is illustrated in the same figure. It is a
potential must also be taken into account. The same can bariation of a pivot algorithnj6]. To construct a new con-
said for many off-lattice modelgt,5] that include repulsive formation, the algorithm attempts to rotate the chain about
potentials between the monomers of the ring. Again this hasome axis. Two point€ and D are chosen randomly from
the problem of masking delicate topological effects makingthe backbone of the chain and the line going throGgand
results difficult to interpret. D is defined to be the axis of rotation. An angle is chosen
Therefore it would seem worthwhile to explore an off- randomly betweer-90° and 90° and all chain segments be-
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FIG. 1. Moves illustrating the model used. A short range “kink- 10° ) il " s ; e .
jump” move is depicted on the left-hand side of this figure. A 10 10 10 10

single monomer is moved from positigato positionB. The right- N

hand side illustrates a long-range move, with the dashed line being F|G. 2. Average size of a chain defined in Et) as a function
the final position of the chain. of chain length of rings in the class of a trivial knot. The solid line
has a slope of 1.11.

tweenC andD are rigidly rotated about this axis. If the ring
is found to cross itself as chain segments are being rotated, The self-similarity of these rings was examined by means
the move is rejected; otherwise, it is accep{@ll These of the correlation function
long-range moves are repeated millions of times and the
chain sizeR, as defined below in Eq1), was averaged. N—s-1

The simulation was tested by starting two rings in a 9(8)="% > ries—ril ()
locked configuration and checking to see that they never be- =0
came unlocked. This test was performed for ovet dycles
and always remained locked. The simulation was furthe
tested by taking a long ring of length 512, after it had move
many million cycles, and turning on a repulsive Coulomb 9(s)=N"f(2s/N). 3)
potential. It was always found that the ring would swell up
into what could clearly be seen as being a circle, in othefrhe function fy(x) should become independent bF for
words a trivial knot. This contrasted with what happenedigrge enoughN. In Fig. 3, we plotfy(X)=g(s)/N” as a
when a deliberately knotted ring was swollen. There the fina} nction of x=2s/N. This is done for three different chain

configuration was not circular. . , lengths,N=512, 1024, and 2048: was chosen to be 1.17.
_ The simulation was checked by allowing the ring to crossygte that only the two longest chain lengths overlap. In order
!tself by turning off tr;e checking algorithm. In such a case it;q get the 512 link ring to overlap withi=2048, a smaller
is easy to show thaR®=N/4, whenN>1. The results found yajye, »=1.11, must be chosen. This suggests that the rings

agreed with this value within statistical error. With the cross-s length 512 are not long enough to be in the asymptotic
ing constraint enforced, the averdgevas always larger than scaling regime.

Figure 3 examines how this scales with chain length by writ-
ng g(s) in the scaling form

this value.
0.12 Fr o7 T T T T T (- T T
lll. RESULTS . -
The chain sizeR defined as 0.1 3 B
2 N/2—1 0.08 :— —:
RP== > |ripnp—ril? 1) —~ C ]
N =0 < 0.06 |- -
= C ]
was examined by averaging over millions of iterations. Here 0.04 ]
r; is the vector position of theth monomer, andN is the ) C ]
total number of links in the ring. 0.0z ]
Figure 2 shows th&®? as a function of chain length. The T 7
best fit to this line gives an exponent of 1:10.03. However 0 [ =

the best fit for the last two data points ld=1024 andN cec b b L
=2048 is an exponent of 1.17 close to the result 1.175 found 0 02 04 06 08

for a SAW in three dimensiong8]. Because this only in- x

volves two data points, the up turn is not statistically signifi-  FIG. 3. Scaling functionfy(x) for three ring lengths: 512,
cant so we now further analyze this possibility by probing1024, and 2048. Here was chosen to be 1.17 and the two larger
the internal structure of the rings. ring lengths overlap.
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IV. DISCUSSION all, and this by itself enforces the topological constraint.
, - Therefore, the size of a ring without the repulsive potential
Th? re;ults apqve conﬁrm the prediction thdor a poly- should be less than or equal to that of a two-dimensional
mer ring in a trivial knot is swollen compared to an ideal SAW
chain. What_ls surprising 1S that the !ength_ of c_ha_m needed to In .three dimensions the numerical results presented here
clearly see Its asymptotic fractal Q|men5|0n IS |_n_the thou'are consistent with an exponent less than or equal to that of
sands of links. This contrasts W't.h a self-aymdmg Walk'a SAW. However, one cannot exclude the possibility that at
wh.erey can be calculated from chain lengths in the teens toeven longer chain lengths, a ring becomes more swollen than
qu'ltzzirr‘l'gigrf]cglﬁﬁy' arquments have been given as to whé linear SAW. Until a better theoretical understanding of
y competiing arg 9 %nots has been achieved, it is not possible to exclude this
Viing fOr a trivial ring should be greater than or equabighy possibility
I’% ?hll?egr iSAV\{ [3}[ It rls tst:llthan openTﬂu:astilor; asnt_o It is surprising that scaling behavior has not yet reached
€ te ;’r;'.“gtﬁ ?(.: ua y_lg t?la et anSA‘{V'H ere 1 'fotha . asymptotic behavior for chains of length 512 as the model
swer 1o this that IS avallable at present. HOWever, IT the€ 1ng o 146 ysed allows for the formation of nontrivial knotted
IS trapped between two pargllel plates, then t.h's IS amenabl@t‘nains even for rings of six monomers. However, this work
to a fairly convincing gnalytlcal argument. It IS argued hereis consistent with enumeration of knot types for random
that when the separation between the plates is very small, antom rings[9—17], where the mean number of steps
that the walk is almost two-d|men3|ongl, the exponent MUS| oo yeq to observe a,nontrivial knot was of the order of hun-
be less than or equal to for an SAW in two dimensions. dreds of steps
This ttakﬁ? with thelargument tha,l;ng>| VdSAW’ WTCh carmes From an experimental viewpoint, the rings analyzed here
OV?frtr? IS cas? a sbo,twe catnh C(;\r/]vc u e”th%— VSGV‘l" thad'e large but easily achievable experimentally. A linear chain
€ separation between the wo walls 1S much 1ess thay good solvent could be synthesized with functional end-
the length of a link, then the chain is essentially confined togroups that chemically bond in good solvent. This should
a t;/vo-dllcr?hensmnak—y planei Howevteli, bestldei the coordl-_ create rings that are predominantly trivial knots. By changing
Bates 0 tvs ml_orllomefrs \;]v.ek?so rr:ys eetp raltf: ,Ina Crtotshs'%lvent conditions to those of theta solvent for linear chains,
etween two links, of which oné lies on top. It we want the ;0 519 observe that these rings are still swollen, albeit
ring to preserve the initial topology of a trivial knot, Some ¢ |ass so than a linear chain in good solvent
configurations where the chain crosses itself in _they _ Ring polymers in other situatiorfd.3] are conjectured to
plane must be excluded. Essentially the only conﬁgurauon;;1ave many interesting properties. An example of this is a
that are allowed are those of a .fIatter)ed trivial knot. There'melt of rings, and this is the subject of active investigation
fore, the phase-space of all configurations are the coordmatﬁdr]_ It might be useful to apply the model described here to
in thex—y plane, and the type of crossing of which there are;,.ca other systems
two possibilities. '
If in addition to the topological constraint, we introduce a
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